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We present a sum-rule extraction of the decay constants of the charmed mesons D and Ds from the
two-point correlator of pseudoscalar currents. First, we compare the perturbative expansion for the
correlator and the decay constant performed in terms of the pole and the running MS masses of the
charm quark. The perturbative expansion in terms of the pole mass shows no signs of convergence
whereas reorganizing this very expansion in terms of the MS mass leads to a distinct hierarchy of the
perturbative expansion. Furthermore, the decay constants extracted from the pole-mass correlator turn
out to be considerably smaller than those obtained by means of the MS-mass correlator. Second, making
use of the OPE in terms of the MS mass, we determine the decay constants of both D and Ds mesons
with an emphasis on the uncertainties in these quantities related both to the input QCD parameters and
to the limited accuracy of the method of sum rules.
© 2011 Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
The extraction of the decay constants of ground-state heavy
pseudoscalar mesons within the method of QCD sum rules [1,2]
poses a complicated problem. First, one derives an operator prod-
uct expansion (OPE) for the correlation function
Π
(
p2
)= i
∫
d4x eipx〈0|T ( j5(x) j†5(0))|0〉 (1.1)
of two pseudoscalar heavy–light currents
j5(x) = (mQ +m)q¯(x)iγ5Q (x). (1.2)
Second, one considers the sum rule for this correlator. The sum
rule is nothing but the expression of the fact that the representa-
tion of the Borelized correlator (1.1), Π(p2) → Π(τ), in the lan-
guage of the intermediate hadron states is equal to the OPE for
this correlator:
Π(τ) = f 2Q M4Q e−M
2
Q τ +
∞∫
sphys
ds e−sτ ρhadr(s)
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∞∫
(mQ +m)2
ds e−sτ ρpert(s,μ) + Πpower(τ ,μ). (1.3)
Here, MQ denotes the mass of the pseudoscalar meson P Q con-
taining the heavy quark Q while f Q is its decay constant:
(mQ +m)〈0|q¯iγ5Q |P Q 〉 = f Q M2Q . (1.4)
For the correlator (1.1), sphys = (MVQ + Mπ )2 is the physical con-
tinuum threshold, MVQ being the mass of the vector meson con-
taining Q . Obviously, for large values of τ the contribution of the
excited states decreases faster than the ground-state contribution
and therefore Π(τ) is dominated by the ground state.
The perturbative spectral density is obtained in the form of an
expansion in terms of the strong coupling αs(μ):
ρpert(s,μ) = ρ(0)(s) + αs(μ)
π
ρ(1)(s)
+
(
αs(μ)
π
)2
ρ(2)(s) + · · · . (1.5)
Clearly, the correlator (1.1) does not depend on the renormalization
scale μ; however, both the perturbative expansion truncated at
ﬁxed order in αs and the truncated power corrections Πpower(τ ,μ)
given in terms of the condensates and the radiative corrections to
the latter depend on μ. Moreover, the relative magnitudes of the
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renormalization scheme/scale.
Unfortunately, the truncated OPE allows one to calculate the
correlator only at not suﬃciently large τ , such that the excited
states give a sizable contribution to Π(τ) in the corresponding τ -
range. In principle, the physical spectral density above the thresh-
old might be measured experimentally; in practice, however, it is
unknown. Therefore, one adopts the concept of duality to relate
the contribution of the excited hadron states to the perturba-
tive contribution: perturbative QCD spectral density ρpert(s) and
hadron spectral density ρhadr(s) are close to each other at large
values of s; thus, for suﬃciently large values of the parameter s¯,
(far) above the resonance region, one has the duality relation
∞∫
s¯
ds e−sτ ρhadr(s) =
∞∫
s¯
ds e−sτ ρpert(s). (1.6)
In order to express the excited-state contribution by the pertur-
bative contribution, we need to extend this relationship down to
the value of the hadronic threshold sphys. However, one has to be
careful: the spectral densities ρpert(s) and ρhadr(s) are obviously
different in the region near sphys. Therefore, one ﬁnds
∞∫
sphys
ds e−sτ ρhadr(s) =
∞∫
seff(τ )
ds e−sτ ρpert(s), (1.7)
where seff(τ ) is different from the physical threshold sphys. A cru-
cial (albeit rather obvious) observation is that, for the same reason
which causes seff(τ ) = sphys, seff(τ ) has to be a function of the pa-
rameter τ to render relation (1.7) exact.
By virtue of (1.7) we may rewrite the sum rule (1.3) as
f 2Q M
4
Q e
−M2Q τ =
seff(τ )∫
(mQ +m)2
ds e−sτ ρpert(s,μ) + Πpower(τ ,μ)
≡ Πdual
(
τ , seff(τ )
)
. (1.8)
We refer to the right-hand side of this equation as the dual correla-
tor. Evidently, even if the QCD inputs ρpert(s,μ) and Πpower(τ ,μ)
are well known, the extraction of the decay constant requires a fur-
ther criterion for ﬁxing the effective continuum threshold seff(τ ).
Noteworthy, Eq. (1.8) offers another way to convince oneself
that seff(τ ) must be a function of τ . In fact, the log slope on the
left-hand side of (1.8) is independent of τ and is equal to M2Q
(which may be exactly known from experiment). Consequently, to
guarantee the same τ -behaviour on the right-hand side of (1.8),
the effective threshold must be, in general, a function of τ . In
the literature the approximation of the threshold by some con-
stant s0 independent of τ is widely used. The corresponding dual
correlator, Πdual(τ , s0), should therefore lead to the presence of a
contamination of excited states on the left-hand side of Eq. (1.8).
In principle, one may develop models for excited states in order to
estimate (and subsequently remove) such a contamination. It is,
however, clear that ultimately the same effect can be equivalently
reached by considering an explicit τ -dependence of the effective
continuum threshold.
The exact effective continuum threshold – corresponding to exact
values of the hadron mass and the decay constant on the left-hand
side – is, of course, not known. Therefore, the actual extraction of
hadron parameters from a sum rule consists in attempting (i) to
ﬁnd some reasonable approximation to the exact threshold and
(ii) to control the accuracy of such an approximation. We stress
again that the use of a τ -dependent threshold is expected to im-
prove the reliability of the extraction of the hadron parameterconsidered compared with the standard procedure of assuming a
constant, τ -independent threshold.
Let us now look in detail at each step of the sum-rule calcula-
tion of the decay constant, starting with the OPE for the correlator.
2. OPE and heavy-quark mass
We use the perturbative spectral density ρpert(s) calculated
in [3] to three-loop accuracy in terms of the pole mass of the
heavy quark. The pole mass has been used in most of the sum-
rule analyses since the pioneering work [2]. An alternative option
is to reorganize the perturbative expansion in terms of the run-
ning MS mass [4]. Since the correlator is known to α2s -accuracy,
the relationship between pole and MS mass to the same accuracy
is used. Explicit expressions for the perturbative spectral densi-
ties and power corrections may be found in [3,4] and are not
given here.
Fig. 1 shows the perturbative spectral densities and the sum-
rule estimates for f D arising from (1.8) for our two choices of mc:
the pole mass mc,pole and the running MS mass mc(μ). The rele-
vant OPE parameters are
mc(mc) = (1.279± 0.013) GeV,
m(2 GeV) = (3.5± 0.5) MeV,
ms(2 GeV) = (100± 10) MeV,
αS(MZ ) = 0.1176± 0.0020,
〈q¯q〉(2 GeV) = −((267± 17) MeV)3,
〈s¯s〉(2 GeV)/〈q¯q〉(2 GeV) = 0.8± 0.3,〈
αs
π
GG
〉
= (0.024± 0.012) GeV4. (2.1)
We employ a recent determination [5] of mc(mc). The correspond-
ing pole mass recalculated from the O (α2s ) relation between mc
and mc,pole is
mc,pole = 1.682 GeV. (2.2)
The sum-rule estimates shown in Fig. 1 are obtained for a τ -
independent effective threshold s0. Its values, which prove to be
different for the pole-mass OPE and the MS-mass OPE, are found
by requiring maximal stability of the extracted decay constant.
Obviously, for heavy–light correlators and the resulting decay con-
stants it makes a very big difference which precise scheme for the
heavy-quark mass is employed.
Several lessons should be learnt from these plots:
(i) The perturbative expansion for the decay constant in terms
of the pole mass shows no signs of convergence; each of the
terms – LO, NLO, NNLO – gives contributions of similar size.
Therefore, there is no reason to expect higher orders to give
smaller contributions.
(ii) Reorganizing the perturbative series in terms of the MS mass
of the heavy quark leads to a visible hierarchy of the pertur-
bative contributions.
(iii) The absolute value of the decay constant extracted from the
pole-mass OPE ( f D = 150 MeV) proves to be considerably
smaller than that from the MS scheme ( f D = 180 MeV).
Let us emphasize that, nevertheless, in both cases the decay con-
stant exhibits perfect stability in a wide range of the Borel param-
eter τ ! Thus we emphasize again that mere Borel stability is by
84 W. Lucha et al. / Physics Letters B 701 (2011) 82–88Fig. 1. OPE calculated in terms of the pole mass (left) and the MS mass (right) of the c quark. First line: spectral densities; second line: corresponding sum-rule estimates
for f D . A constant effective continuum threshold s0 is ﬁxed in each case separately by requiring “maximal stability” of the extracted decay constant. As the result, s0 turns
out to be different in the two schemes. Bold line – total result, solid line (black) – O (1) contribution; dashed line (red) – O (αs) contribution; dotted line (blue) – O (α2s )
contribution; dash-dotted line (green) – power contributions. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of
this Letter.)far not suﬃcient to guarantee the reliability of the sum-rule ex-
traction of bound-state parameters. We have already observed this
feature in several examples in quantum mechanics [6].
Because of the obvious problems with the pole-mass OPE for
the correlator, we shall make use of the OPE in terms of the run-
ning MS mass for our extraction of the decay constants. Hereafter,
the quark masses mQ and m, and the strong coupling αs denote
the MS running quantities at the scale μ.
3. Extraction of the decay constant
In order to determine the heavy-meson decay constant f Q from
the OPE, we must execute the following two steps.
3.1. The Borel window
First, we must ﬁx our working τ -window where, on the one
hand, the OPE gives a suﬃciently accurate description of the ex-
act correlator (i.e., all higher-order radiative and power corrections
are small) and, on the other hand, the ground state gives a “siz-
able” contribution to the correlator. Since the radiative corrections
to the condensates increase rather fast with τ , it is preferable to
stay at the lowest possible values of τ . We shall therefore ﬁx the
window by the following criteria [7,8]: (a) In the window, power
corrections Πpower(τ ) should not exceed 30% of the dual correlator
Πdual(τ , s0). This restricts the upper boundary of the τ -window.
The ground-state contribution to the correlator at this value of τ
comprises about 50% of the correlator. (b) The lower boundary of
the τ -window is ﬁxed by the requirement that the ground-state
contribution does not fall below 10%.
3.2. The effective continuum threshold
Second, we must deﬁne a criterion how to determine seff(τ ).
The corresponding algorithm has been formulated in our recent
works [7,8] and was shown to provide a good extraction of the
ground-state parameters in quantum-mechanical potential models.
Let us introduce the dual invariantmass Mdual and the dual decay
constant fdual by the relationsM2dual(τ ) ≡ −
d
dτ
logΠdual
(
τ , seff(τ )
)
,
f 2dual(τ ) ≡ M−4Q eM
2
Q τΠdual
(
τ , seff(τ )
)
. (3.1)
For a properly constructed Πdual(τ , seff(τ )), this dual mass should
coincide with the actual mass of the ground state. So, if the
ground-state mass is known, any deviation of the dual mass from
the actual mass of the ground state yields an indication of the con-
tamination of the dual correlator by excited states.
Assuming some particular functional form of the effective
threshold and requiring the least deviation of the dual mass (3.1)
from the actual mass in the τ -window entails a variational so-
lution for the effective threshold; as soon as the latter has been
ﬁxed, (3.1) yields the decay constant. We do not need to de-
scribe the effective threshold in the whole range of values of τ ;
it is suﬃcient to parameterize the τ -dependence in the working
Borel window where a local Taylor-expansion may be assumed. We
therefore consider polynomials in τ , including also the standard
assumption for the effective threshold – a τ -independent constant.
Our algorithm for the extraction of f Q makes use of the knowl-
edge of the true P Q -meson mass MQ . This algorithm, developed
in our previous works and proven to work well for different corre-
lators in the potential model, is very simple: we consider the set
of τ -dependent Ansätze for the effective continuum threshold
s(n)eff (τ ) =
n∑
j=0
s(n)j τ
j. (3.2)
We ﬁx the parameters on the right-hand side of (3.2) as follows:
we compute the dual mass squared according to (3.1) for the τ -
dependent seff(τ ) in (3.2). We then evaluate M2dual(τ ) at several
values of τ = τi (i = 1,2, . . . ,N , where N can be taken arbitrary
large) chosen uniformly in the window. Finally, we minimize the
squared difference between M2dual and the known value M
2
B :
χ2 ≡ 1
N
N∑[
M2dual(τi) − M2Q
]2
. (3.3)i=1
W. Lucha et al. / Physics Letters B 701 (2011) 82–88 85Fig. 2. Dual mass (a) and dual decay constant (b) of the D meson obtained using different Ansätze for the effective continuum threshold seff(τ ) (3.2) and ﬁxing all thresholds
according to (3.3). Results for mc ≡mc(mc) = 1.279 GeV, μ =mc , and central values of the other relevant parameters are presented. (c) Dual decay constant of the D meson
vs. mc for μ =mc and central values of the other OPE parameters. The integer n = 0,1,2,3 is the degree of the polynomial in our Ansatz (3.2) for seff(τ ): dotted line (red)
– n = 0; solid line (green) – n = 1; dashed line (blue) – n = 2; dash-dotted line (black) – n = 3. (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this Letter.)This gives us the coeﬃcients s(n)j of the effective continuum thresh-
old. As soon as the latter is ﬁxed, it is straightforward to calculate
the decay constant.
The results presented below indicate that accounting for the τ -
dependence of the effective threshold yields a visible improvement
compared with the usual assumption of a τ -independent quantity
in the following respect: it leads to a much better stability of the
dual mass calculated for a dual correlator, which is tantamount to
a better isolation of the ground-state contribution.
Still, by trying different Ansätze for the effective continuum
threshold, one obtains different estimates for the decay constant.
We discuss the interpretation of these results in connection with
the systematic uncertainties of the method of sum rules.
3.3. Uncertainties in the extracted decay constant
Clearly, the extracted value of the decay constant is sensitive to
the precise values of the OPE parameters and to the prescription
for ﬁxing the effective continuum threshold. The corresponding er-
rors in the resulting decay constants are called the OPE-related error
and the systematic error, respectively. Let us discuss these in turn.
3.3.1. OPE-related error
The value of the OPE-related error is obtained as follows: We
perform a bootstrap analysis [9] by allowing the OPE parameters
to vary over the ranges indicated in (2.1), using 1000 bootstrap
events. Gaussian distributions for all OPE parameters but μ are
employed. For μ we assume a uniform distribution in the cor-
responding range, which we choose to be 1  μ(GeV)  3 for
charmed mesons and 2  μ(GeV)  8 for beauty mesons. The re-
sulting distribution of the decay constant turns out to be close to
Gaussian shape. Therefore, the quoted OPE-related error is a Gaus-
sian error.
3.3.2. Systematic error
The systematic error of any hadron parameter determined by
the method of sum rules (i.e., the error related to the intrinsic lim-
ited accuracy of this method) represents the perhaps most subtle
point in the applications of this method. So far no way to arrive
at a rigorous – in the mathematical sense – systematic error has
been proposed. Therefore, in this respect we have to rely on our
experience obtained from the examples where the exact hadron
parameters may be calculated independently from the method of
dispersive sum rules and then compared with the results of the
sum-rule approach. Working with polynomial parameterizations in
the case of potential models, we have seen that the band of values
obtained from linear, quadratic, and cubic Ansätze for the effec-
tive threshold encompasses the true value of the decay constant[7]. Moreover, we could show that the extraction procedures in
quantum mechanics and in QCD are even quantitatively rather sim-
ilar [8]. Therefore, we believe that the half-width of this band may
be regarded as realistic estimate for the systematic uncertainty of
the decay constant. Presently, we do not see other possibilities to
obtain a more reliable estimate for the systematic error.
3.4. Decay constant of the D meson
The τ -window for the charmed mesons, τ = (0.1–0.5) GeV−2,
is chosen according to the criteria formulated above. Fig. 2 shows
the application of our procedure of ﬁxing the effective contin-
uum threshold and extracting the resulting f D . We would like to
point out that, in the window, the τ -dependent effective thresh-
olds reproduce the meson mass much better than the constant
one (Fig. 2(a)). This signals that the dual correlators corresponding
to the τ -dependent thresholds are less contaminated by excited
states.
The dependence of the extracted value of the D-meson decay
constant f D on the c-quark mass mc ≡mc(mc) and the condensate
〈q¯q〉 ≡ 〈q¯q(2 GeV)〉 may be parameterized as
f dualD
(
mc,μ =mc, 〈q¯q〉
)
=
[
206.2− 13
(
mc − 1.279 GeV
0.1 GeV
)
+ 4
( |〈q¯q〉|1/3 − 0.267 GeV
0.01 GeV
)
± 5.1(syst)
]
MeV. (3.4)
This formula describes the band of values indicated by the two
short-dashed lines in Fig. 2(c), which delimit the results found
from the linear, quadratic, and cubic Ansätze for the effective con-
tinuum threshold. Fig. 3(a) depicts the result of the bootstrap
analysis of the OPE uncertainties. The distribution has a Gaus-
sian shape, and therefore the corresponding OPE uncertainty is the
Gaussian error. Adding the half-width of the band deduced from
our τ -dependent Ansätze for the effective continuum threshold of
degree n = 1,2,3 as the (intrinsic) systematic error, we obtain the
following result:
f D = (206.2± 7.3(OPE) ± 5.1(syst)) MeV. (3.5)
The main sources of the OPE uncertainty in the extracted f D are
its renormalization-scale dependence and the error of the quark
condensate.
For a τ -independent Ansatz for the effective continuum thresh-
old a bootstrap analysis entails the substantially lower range
f (n=0)D = (181.3±7.4(OPE)) MeV, which differs from our τ -depend-
ent result (3.5) by 	10%, i.e., by almost three times the OPE
86 W. Lucha et al. / Physics Letters B 701 (2011) 82–88Fig. 3. (a) Distribution of f D obtained by the bootstrap analysis of the OPE uncertainties. Gaussian distributions for all OPE parameters but μ with corresponding errors as
given in (2.1) are employed. For μ we assume a uniform distribution in the range 1 GeV < μ < 3 GeV. (b) Summary of ﬁndings for f D . Lattice results are from [10,11] for two
dynamical light ﬂavors (N f = 2) and from [12,13] for three dynamical ﬂavors (N f = 3). The triangle represents the experimental value from PDG [14]. The estimate obtained
with the constant threshold includes the OPE uncertainty only; for the τ -dependent QCD-SR result the error shown is the sum of the OPE and systematic uncertainties in
(3.5), added in quadrature.
Fig. 4. Same as Fig. 2 but for the Ds meson.uncertainty. Moreover, as we have already shown in our previ-
ous works [6], making use of merely the constant Ansatz for the
effective continuum threshold does not allow one to probe at all
the intrinsic systematic error of the QCD sum rule. From our re-
sult (3.5) the latter turns out to be of the same order as the OPE
uncertainty.
Allowing the threshold to depend on τ leads to a clearly visi-
ble effect and brings the results from QCD sum rules into perfect
agreement with recent lattice results and the experimental data
(Fig. 3(b)). This perfect agreement of our result with both exper-
imental data and lattice results provides a strong argument in
favour of the reliability of our procedure.
3.5. Decay constant of Ds meson
The corresponding τ -window is τ = (0.1–0.6) GeV−2. Fig. 4
provides the details of our extraction procedure. Our results for
the Ds-meson decay constant f Ds may be represented as
f dualDs
(
mc,μ =mc, 〈s¯s〉
)
=
[
245.3− 18
(
mc − 1.279 GeV
0.1 GeV
)
+ 3.5
( |〈s¯s〉|1/3 − 0.248 GeV
0.01 GeV
)
± 4.5(syst)
]
MeV. (3.6)
This formula describes the band of values indicated by the two
short-dashed lines in Fig. 4(c) as function of mc ≡ mc(mc) andgives also the dependence on the quark condensate 〈s¯s〉 ≡
〈s¯s(2 GeV)〉. Performing the bootstrap analysis of the OPE uncer-
tainties, we obtain the following estimate:
f Ds = (245.3± 15.7(OPE) ± 4.5(syst)) MeV. (3.7)
As in the case of f D , a constant-threshold Ansatz yields a substan-
tially lower value: f (n=0)Ds = (218.8± 16.1(OPE)) MeV. (See Fig. 5.)
3.6. f Ds/ f D
For the ratio of the D and Ds decay constants we report the
sum-rule prediction
f Ds/ f D = 1.193± 0.025(OPE) ± 0.007(syst). (3.8)
This value is to be compared with the PDG average f Ds/ f D =
1.25±0.06 [14] as well as with the recent lattice results f Ds/ f D =
1.24 ± 0.03 [10] for N f = 2 and f Ds/ f D = 1.164 ± 0.011 [12] and
f Ds/ f D = 1.20 ± 0.02 [13] for N f = 3. The error in (3.8) arises
mainly from the uncertainties in the quark condensates 〈s¯s〉/〈q¯q〉 =
0.8± 0.3.
4. Summary and conclusions
We presented a detailed analysis of the decay constants of
charmed heavy mesons with the help of QCD sum rules. Partic-
ular emphasis was laid on the study of the uncertainties in the
W. Lucha et al. / Physics Letters B 701 (2011) 82–88 87Fig. 5. (a) Distribution of f Ds obtained by the bootstrap analysis of the OPE uncertainties. Gaussian distributions for all OPE parameters but μ with corresponding errors as
given in (2.1) are employed. For μ we assume a uniform distribution in the range 1 GeV < μ < 3 GeV. (b) Summary of ﬁndings for f Ds . Lattice results are from [10,11] for two
dynamical light ﬂavors (N f = 2) and from [12,13] for three dynamical ﬂavors (N f = 3). The triangle represents the experimental value from PDG [14]. The estimate obtained
with the constant threshold includes the OPE uncertainty only; for the τ -dependent QCD-SR result the error shown is the sum of the OPE and systematic uncertainties in
(3.7), added in quadrature.extracted values of the decay constants: the OPE uncertainty re-
lated to the not precisely known QCD parameters and the intrinsic
uncertainty of the sum-rule method related to a limited accuracy
of the extraction procedure.
Our main ﬁndings may be summarized as follows.
(i) The perturbative expansion of the two-point function in terms
of the pole mass of the heavy quark exhibits no sign of con-
vergence. However, reorganizing this expansion in terms of
the corresponding running mass leads to a clear hierarchy of
the perturbative contributions. Interestingly, the decay con-
stant extracted from the pole-mass OPE proves to be sizeably
smaller than the one extracted from the running-mass OPE.
In spite of this numerical difference, the decay constants ex-
tracted from these two correlators exhibit perfect stability in
the Borel parameter. This example shows that stability per se
does not guarantee the reliability of the sum-rule extraction
of any bound-state parameter.
(ii) We have made use of the Borel-parameter-dependent effec-
tive threshold for the extraction of the decay constants. The
τ -dependence of the effective threshold emerges quite natu-
rally when one attempts to increase the accuracy of the du-
ality approximation. According to our algorithm, one should
consider different polynomial Ansätze for the effective thresh-
old and ﬁx the coeﬃcients in these Ansätze by minimizing
the deviation of the dual mass from the known actual meson
mass in the window. Then, the band of values corresponding
to the linear, quadratic, and cubic Ansätze reﬂects the intrin-
sic uncertainty of the method of sum rules. The eﬃciency of
this criterion has been tested before for several examples of
quantum-mechanical models. This strategy has now been ap-
plied to the decay constants of heavy mesons.
(iii) We obtained the following sum-rule estimates for the decay
constants of the charmed D and Ds mesons:
f D = (206.2± 7.3(OPE) ± 5.1(syst)) MeV, (4.1)
f Ds = (245.3± 15.7(OPE) ± 4.5(syst)) MeV. (4.2)
We point out that we provide both the OPE uncertainties and
the intrinsic (systematic) uncertainty of the method of sum
rules related to the limited accuracy of the extraction pro-
cedure. In the case of f D the latter turns out to be of thesame order as the OPE uncertainty. Noteworthy, adopting a τ -
independent effective threshold leads to a substantially lower
range f (n=0)D = (181.3± 7.4(OPE)) MeV, which differs from our
τ -dependent result (4.1) by almost three times the OPE uncer-
tainty. The resulting ratio of the decay constants is
f Ds/ f D = 1.193± 0.025(OPE) ± 0.007(syst). (4.3)
(iv) Our study of charmed mesons clearly demonstrates that the
use of Borel-parameter-dependent thresholds leads to two es-
sential improvements:
a. The actual accuracy of the decay constants extracted from
sum rules improves considerably.
b. Our algorithm yields realistic (although not entirely rigor-
ous) estimates for the systematic errors and allows one to
reduce their values to the level of a few percent. Due to the
application of our prescription, the QCD sum-rule results
are brought into perfect agreement both with the experi-
mental results and with lattice QCD.
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